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Transverse shear and normal deformationThe ﬂexural response of laminated composite and sandwich beams is analysed using the notion of mod-
elling the transverse shear mechanics with an analogous mechanical system of springs in series com-
bined with a system of springs in parallel. In this manner a zig-zag function is derived that accounts
for the geometric and constitutive heterogeneity of the multi-layered beam similar to the zig-zag func-
tion in the reﬁned zig-zag theory (RZT) developed by Tessler et al. (2007). Based on this insight a new
equivalent single layer formulation is developed using the principle of virtual displacements. The theory
overcomes the problem in the RZT framework of modelling laminates with Externally Weak Layers but is
restricted to laminates with zero B-matrix terms. Second, the RZT zig-zag function is implemented in a
third-order theory based on the Hellinger–Reissner mixed variational framework. The advantage of the
Hellinger–Reissner formulation is that both in-plane and transverse stress ﬁelds are captured to within
1% of Pagano’s 3D elasticity solution without the need for additional stress recovery steps, even for highly
heterogeneous laminates. A variant of the Hellinger–Reissner formulation with Murakami’s zig-zag func-
tion increases the percentage error by an order of magnitude for highly heterogeneous laminates. Corre-
sponding formulations using the Reissner Mixed Variational Theory (RMVT) show that the independent
model assumptions for transverse shear stresses in this theory may be highly inaccurate when the num-
ber of layers exceeds three. As a result, the RMVT formulations require extra post-processing steps to
accurately capture the transverse stresses. Finally, the relative inﬂuence of the zig-zag effect on different
laminates is quantiﬁed using two non-dimensional parameters.
 2015 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
The application of multi-layered composite materials in load-
bearing structures is ﬁnding widespread application particularly
in the aeronautical, marine and renewable energy industries.
Reasons include their high speciﬁc strength and stiffness, good
fatigue resistance and enhanced design freedom on a micro- and
macromechanical level. Furthermore, as material costs reduce the
use of carbon ﬁbre composites in large-scale automotive applica-
tions is expected to grow considerably in the coming years
(Lucintel, 2013).
The design of primary load-bearing structures requires accurate
tools for stress analysis. When used around areas of stress concen-
tration or in fail-safe design frameworks composite laminates are
often designed to have thicker cross-sections. Under these circum-
stances non-classical effects, such as transverse shear and normal
deformation become important factors in the failure event. Theseconsiderations mean that Euler–Bernoulli beam and Kirchhoff
plate/shell models that underpin Classical Laminate Analysis
(CLA) (Jones, 1998) inaccurately predict global and local deforma-
tions. Transverse shear deformations are particularly pronounced
in composite materials because the ratio of longitudinal to shear
modulus is approximately one order of magnitude larger than for
isotropic materials (Eiso=Giso ¼ 2:6; E11=Gxz  140=5 ¼ 28). The
analysis of layered composites is also more cumbersome due to
transverse anisotropy, and interlaminar continuity (IC) conditions
on displacement, transverse shear and transverse normal stress
ﬁelds.
Most notably, transverse anisotropy, i.e. the difference in layer-
wise transverse shear and normal moduli, leads to sudden changes
in slope of the three displacement ﬁelds ux; uy; uz at layer inter-
faces. This is known as the zig-zag (ZZ) phenomenon. In fact,
Carrera (2001) points out that ‘‘compatibility and equilibrium,
i.e., ZZ and IC, are strongly connected to each other.’’ Thus, while
IC of the displacements requires ux; uy; uz to be C
0 continuous at
interfaces, IC of the transverse stresses forces the displacement
ﬁelds to be C1 discontinuous. Motivated by these considerations,
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ments ux; uy and uz can be derived directly from sxz; syz and rzz
continuity, respectively. Therefore, an accurate model for multi-
layered composite and sandwich structures should ideally address
the modelling issues named C0z -requirements by Carrera (2002,
2003b):
1. Through-thickness z-continuous displacements and transverse
stresses i.e. the IC condition.
2. Discontinuous ﬁrst derivatives of displacements between layers
with different mechanical properties i.e. the zig-zag effect.
For this purpose high-ﬁdelity 3D Finite Element (FE) models are
often employed for accurate structural analysis. However, these
models can become computationally prohibitive when employed
for laminates with large number of layers, in optimisation studies,
for non-linear problems that require iterative solution techniques
or for progressive failure analyses. Thus, with the aim of develop-
ing rapid, yet robust design tools for industrial purposes there
remains a need for further efﬁcient modelling techniques. In this
regard particular focus is required on equivalent single layer
(ESL) theories because the number of unknowns in these formula-
tions is independent of the number of layers.
One of the earliest examples of ESL theories including non-
classical effects is the First Order Shear Deformation Theory (FSDT)
(Timoshenko, 1934; Mindlin, 1951; Yang et al., 1966). However,
Whitney and Pagano (1970) demonstrated that FSDT only yields
improvements on CLA for global structural phenomenon but does
not improve in-plane strain and stress predictions for highly
heterogeneous and thick laminates. Furthermore, FSDT produces
piecewise constant transverse shear stresses that violate IC and
traction-free conditions at the top and bottom surfaces.
To overcome these shortcomings the so-called Higher-Order
Shear Deformation Theories (HOT) were introduced. In general,
the cross-section is allowed to deform in any form by including
higher-order terms in the axiomatic expansions of the in-plane dis-
placements ux and uy. Vlasov (1957) reﬁned Mindlin’s theory by
guaranteeing that transverse shear strains and stresses disappear
at the top and bottom surfaces in the absence of shear tractions.
Taking Vlasov’s condition into consideration, Reddy (1983) pre-
sented a higher-order shear deformation theory by expanding
the in-plane displacement ﬁeld to a third order polynomial in z.
A large number of different shear shape functions have been pub-
lished in the past ranging from polynomial (Ambartsumyan,
1958a; Reissner, 1975; Reddy, 1986) to trigonometric (Levy,
1877; Stein, 1986; Touratier, 1991; Karama et al., 1998; Ferreira
et al., 2005), hyperbolic (Soldatos, 1992; Neves et al., 2013) and
exponential (Karama et al., 2003; Mantari et al., 2011).
Transverse normal strains may be incorporated by extending
the expansion of the out-of-plane displacement uz to yield a class
of theories denoted as Advanced Higher-Order Theories (AHOT).
Here, the class of theory is often denoted by fa; bg where a refers
to the order of expansion of the in-plane displacements ux and
uy, and b to the order of the transverse displacement uz. Examples
of such theories are given by Tessler (1993), Cook and Tessler
(1998) and Barut et al. (2001) but these theories generally only
provide improvements that are worth their additional computa-
tional effort for sandwich panels with compliant, thick cores
(Demasi, 2012) or when one face laminate is considerably stiffer
than the other (Gherlone, 2013).
All of the previously discussed theories are based on displace-
ment formulations where the displacements ux; uy; uz are treated
as the unknown variables, and the strains and stresses are derived
using kinematic and constitutive equations, respectively. In this
case, the governing ﬁeld and boundary equations may be derivedusing the principle of virtual displacements (PVD). Being formulat-
ed on a displacement-based assumption the transverse shear
stresses typically do not guarantee the C0z -requirements a priori.
More accurate transverse stresses are recovered a posteriori by
integration of the in-plane stresses in Cauchy’s 3D indeﬁnite equi-
librium equations (Whitney, 1972).
This post-processing operation can be precluded if some form of
stress assumption is made. One class of model is based on applying
the Hellinger–Reissner mixed variational principle. Here the strain
energy is written in complementary form in terms of in-plane and
transverse stresses, and the transverse equilibrium equation is
introduced as a constraint condition using a Lagrange multiplier
(Reissner, 1944, 1945). Batra and Vidoli (2002) and Batra et al.
(2002) used the Hellinger–Reissner mixed variational theorem to
develop a higher-order theory for studying vibrations and plane
waves in piezoelectric and anisotropic plates, accounting for both
transverse shear and transverse normal deformations with all
functional unknowns expanded in the thickness direction using
orthonormal Legendre polynomials. The researchers showed that
the major advantage of the Hellinger–Reissner theory is that by
enforcing stresses to satisfy the natural boundary conditions at
the top and bottom surfaces, and deriving transverse stresses from
the plate equations directly, the stress ﬁelds are closer to 3D elas-
ticity solutions than a pure displacement-based equivalent that
relies on Hooke’s law to derive the stress ﬁelds. In particular this
means that boundary layers near clamped and free edges, and
asymmetric stress proﬁles due to surface tractions on one surface
only can be captured accurately. Cosentino and Weaver (2010)
applied the Hellinger–Reissner principle to symmetrically laminat-
ed straight-ﬁbre composites to develop a single sixth-order differ-
ential equation in just two variables: transverse deﬂection w and
stress function X. The formulation of this theory is less general
than the one proposed by Batra and Vidoli (2002) as its aims are
to realise accurate 3D dimensional stress predictions for practical
composite laminates at minimum computational cost.
Later, Reissner (1984) had the insight that when considering
multi-layered structures, it is sufﬁcient to restrict the stress
assumptions to the transverse stresses because only these have to
be speciﬁed independently to guarantee the IC requirements. This
variational statement is known as Reissner’sMixed Variational The-
ory (RMVT), which makes model assumptions on the three dis-
placements ux; uy; uz and independent assumptions on the
transverse stresses sxz; syz; rzz. Compatibility of the transverse
strains derived from kinematic and constitutive equations is
enforced by means of Lagrange multipliers.
HOT and AHOT provide considerable improvements in terms of
transverse stress proﬁles and accurate modelling of global struc-
tural effects. However, these theories are not capable of explicitly
capturing ZZ effects as the in-plane variables ux; uy are deﬁned
to be at least C1z -continuous. In this regard ESL theories that incor-
porate ZZ kinematics present a good compromise between local,
layerwise accuracy and computational cost. Based on an historical
review of the topic by Carrera (2003a) the ZZ theories can generally
be divided into three groups:
1. Lekhnitskii Multilayered Theory (LMT).
2. Ambartsumyan Multilayered Theory (AMT).
3. Reissner Multilayered Theory (RMT).
Lekhnitskii (1935) appears to be the ﬁrst author to propose a ZZ
theory originally formulated for multilayered beams. This was later
extended to the analysis of plates by Ren (1986a,b).
Ambartsumyan (1958a,b) developed a ZZ-theory for symmetric,
specially orthotropic laminates by making a parabolic assumption
for the transverse shear stresses. The corresponding displacement
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through the thickness and solving for the integration constants by
enforcing displacement-IC. Whitney (1969) later extended the ana-
lysis to symmetric laminates with off-axis plies and noted that the
theory provides excellent results for gross laminate behaviour
when compared to the 3D elasticity solutions of Pagano (1969,
1970a,b). However, Whitney also noticed that the theory fails to
accurately capture the slope discontinuity at layer interfaces for
the transverse shear stresses.
Di Sciuva (1984, 1985) introduced a displacement based ZZ the-
ory where piece-wise linear, ZZ contributions in the thickness
direction enhance a FSDT expansion for ux and uy. The slopes of
the layerwise ZZ functions are obtained by enforcing the same
transverse shear stress for all layers and by deﬁning the ZZ func-
tion to vanish across the bottom layer. As a result, the transverse
shear stress in all layers is identical to that of the bottom layer,
causing a bias towards the transverse shear stiffness of this layer.
To overcome this counterintuitive property Averill (1994) and
Averill and Yip (1996) introduced a penalty term in the variational
principle that enforces continuity of the transverse shear stresses
as the penalty term becomes large. Tessler et al. (2007) note that
the formulations based on Di Sciuva’s early works present two
major issues:
1. The in-plane strains are functions of the second derivative of
transverse deﬂection w. This fact means less attractive C1 con-
tinuous shape functions of w are required for implementation
in FE codes.
2. The physical shear forces derived from the ﬁrst derivatives of
the bending moments are different from the shear forces
derived by integrating the transverse shear stresses over the
cross-section.
To remedy thesedrawbacksTessler et al. developeda reﬁnedzig-zag
theory (RZT) (Tessler et al., 2007, 2009, 2010a,b). The kinematics of
RZT are essentially those of FSDT enhanced by a zig-zag ﬁeld
waðx; yÞmultipliedbyapiecewisecontinuous transverse function/ka,
uðkÞa ðx; y; zÞ ¼ ua þ zha þ /ðkÞa ðzÞwa for a ¼ x; y; ð1aÞ
uzðx; y; zÞ ¼ wðx; yÞ: ð1bÞ
In this theory the ZZ slopes bx ¼ @/ðkÞx =@z and by ¼ @/ðkÞy =@z for ux
and uy, respectively, are deﬁned by the difference between the
transverse shear rigidity of a layer Gaz, and the effective transverse
shear rigidity G of the entire layup
bka ¼
Gkaz
Ga
 1; and Ga ¼ 1t
XN
k¼1
tk
Gaz
" #1
; ð2Þ
where tk and t are the thickness of the layer k and total laminate
thickness, respectively. RZT has shown excellent results compared
to the 3D elasticity solutions by Pagano (1969, 1970a) for both gen-
eral composite laminations and sandwich constructions. Recently
RZT has also been expanded to include transverse normal stretching
and higher-order displacements for a ZZ theory of order {2,2} (Barut
et al., 2012).
Similarly, Murakami (1986) enhanced the axiomatic FSDT
expansion by including a zig-zag function, herein denoted as Mur-
akami’s ZZ function (MZZF), that alternatively takes the values of
+1 or 1 at layer interfaces. Therefore the slope purely depends
on geometric differences between plies and is not based on conti-
nuity of transverse shear stresses. In addition Murakami made
independent, piecewise parabolic assumptions for the transverse
shear stresses and applied RMVT to obtain the governing
ﬁeld equations. In recent years the MZZF has been applied tofunctionally graded materials (Neves et al., 2013), sandwich struc-
tures (Brischetto et al., 2009a,b) and in the framework of the
Carrera Uniﬁed Formulation (Carrera et al., 2013a,b) for static
and dynamic analyses. Carrera (2004) investigated the effect of
including the MZZF in ﬁrst-order and higher-order displacement-
based and mixed-variational theories, showing that superior
representation of displacements and stresses, combined with less
computational cost can be achieved by including a single ZZ com-
pared to a higher-order continuous term. On the other hand,
Gherlone (2013) showed that the MZZF leads to inferior results
than RZT for sandwiches with large face-to-core stiffness ratios
and laminates with general layups. Thus, an accurate choice of
the ZZ function seems to be of paramount importance.
A multiscale approach for modelling the multifaceted structural
behaviour of composite laminates in one uniﬁed model has been
proposed byWilliams (2005). The theory uses a general framework
with non-linear von Kármán displacement ﬁelds and additional
temperature and solute diffusion variables on two lengthscales,
global and local levels, with the transverse basis functions of the
two lengthscales enforced to be independent. This results in two
sets of variationally consistent governing equations such that the
theory is capable of capturing, in a coupled fashion, the thermo-
mechanical-diffusional phenomena of laminates at the micro,
meso and macro levels simultaneously. The use of interfacial con-
stitutive models allows the theory to model delamination ini-
tiation and growth, as well as non-linear elastic or inelastic
interfacial constitutive relations in a uniﬁed form. Williams
(2001) has shown that multi-lengthscale theories can be more
computationally efﬁcient than pure layerwise models as the order
of theory can be increased on both the local and global level. The
displacement-based theory features 3ðVg þ VlNÞ unknowns where
Vg and Vl are the global and local number of variables and N the
number of layers. In general Vg ¼ Vl ¼ 3 is sufﬁcient for accurate
3D stress ﬁeld predictions as derived from constitutive relations.
In later work Williams (2008) developed an improved formulation
by deriving the governing equations from the method of moments
over different length scales and enforcing the interfacial continuity
of transverse stresses in a strong sense.
The aim of this paper is to provide additional insight into the
fundamental mechanics of the ZZ phenomenon and develop a com-
putationally efﬁcient analysis tool for industrial applications. The
aim is not to develop a uniﬁed general theory as presented by
Carrera (2003b), Demasi (2008), Batra and Vidoli (2002) or
Williams (2005) but to provide evidence that non-classical effects
due to highly heterogeneous laminations and their associated 3D
stress ﬁelds can be captured adequately and efﬁciently by global
third-order moments combined with a local ZZ moment. Section 2
outlines a physical explanation for the source of ZZ-displacement
ﬁelds based on an analogous system of mechanical springs, which
to the authors’ knowledge, has previously not been given in this
manner. In Section 3 these insights are used to combine Reddy’s
transverse shear function with an Ambartsumyan-type ZZ theory
to derive a displacement-based model (MRZZ). In Section 4, the
Hellinger–Reissner mixed variational principle is used to derive a
ZZ theory that may be used alongside the RZT ZZ function (HR-
RZT) or the MZZF (HR-MZZF). The theory is different from general
theories in that in-plane and transverse stress ﬁelds share the same
variables thereby greatly reducing the number of unknowns. In
Section 5 the MRZZ, HR-RZT and HR-MZZF theories are compared
to Pagano’s exact 3D elasticity solutions (Pagano, 1969) in a sim-
ply-supported bending load case of a thick beam. Furthermore,
the performance of the Hellinger–Reissner principle and the Reiss-
ner Mixed Variational Theory are compared. Finally, the inﬂuence
of transverse shear, transverse normal and ZZ effects on bending
deformations are analysed.
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2.1. Origin of zig-zag displacements
In the following discussion our analysis is restricted to 1D com-
posite beams with negligible transverse normal strain and stress
effects. Thus, consider an N-layer composite beam of arbitrary con-
stitutive properties as depicted in Fig. 1. The beam may be of
entirely anisotropic or sandwich construction and is subjected to
bending moments or shear forces causing it to deﬂect transversely
to the stacking direction. In all cases the x-direction is deﬁned to be
along the principle beam axis (0 ﬁbre-direction) while the z-axis is
in the transverse stacking direction. Individual layers are prevent-
ed from sliding such that the IC conditions for the displacement
ﬁeld ux and the transverse shear stress sxz are satisﬁed:
uðkÞx ðzkÞ ¼ uðkþ1Þx ðzkÞ and ð3aÞ
sðkÞxz ðzkÞ ¼ sðkþ1Þxz ðzkÞ; k ¼ 1 . . .N  1; ð3bÞ
where superscripts and subscripts ðkÞ indicate layerwise and inter-
facial quantities, respectively. If the composite beam comprises lay-
ers with different transverse shear modulii then the IC condition on
transverse stress inherently results in discontinuous transverse
shear strains across ply interfaces. Assuming linear geometric defor-
mation, the kinematic relation for the transverse shear strain is
given by
cxz ¼ uz;x þ ux;z ) ux;z ¼ cxz  uz;x; ð4Þ
where the comma notation denotes differentiation. As transverse
normal strain is assumed to be negligible, i.e. uz is constant for all
layers, discontinuous transverse shear strains require a change in
ux;z across ply interfaces. Thus the slope of the displacement ﬁeld
ux in the thickness direction must change at ply interfaces giving
rise to the so-called ‘‘zig-zag’’ displacement ﬁeld. This effect is
depicted graphically by the in-plane displacement (ux), and trans-
verse shear stress (sxz) and strain (cxz) plots through the thickness
of a [90/0/90/0/90] laminate in Figs. 2(a) and (b), respectively. Here,
the transverse shear modulus Gxz of the 90 layers are 2.5 times less
than the value of the 0 oriented layers causing a step change in
transverse shear strain at the ply interfaces.
Fig. 2 also shows an example of a laminate with ‘‘Externally
Weak Layers’’ (EWL). As discussed by Gherlone (2013) these lami-
nates have external layers (k ¼ 1 or k ¼ N) with transverse shear
modulii lower than the adjacent internal layers (k ¼ 2 andFig. 1. Arbitrary laminate conﬁguration with co-ordinate system and approximate
in-plane displacements.k ¼ N  1, respectively), and do not appear to have a ZZ displace-
ment at these interfaces. Gherlone attributed this phenomenon
to the stiffer inner layers dominating the more compliant external
layers. Furthermore, these phenomena cannot be captured by RZT
such that the layer material properties need to be altered artiﬁcial-
ly as follows:
EWL Implementation in RZT.
 If Gð1Þxz < Gð2Þxz , then Gð1Þxz ¼ Gð2Þxz .
 If GðNÞxz < GðN1Þxz , then GðNÞxz ¼ GðN1Þxz .
However, there is, in fact, a slope discontinuity at the inter-
faces of the EWL. This discontinuity is considerably less
pronounced than at the interface between the internal 0 and
90 layers and is consequently not noticed as easily. This phe-
nomenon may be explained by observing the general shape of
the transverse shear stress and shear strain proﬁle of a [90/0/
90/0/90] laminate as shown in Fig. 2(b). The transverse shear
stress at the interface between the outer layers is an order of
magnitude less than the transverse shear stress at the inner inter-
faces. Therefore the discontinuity in transverse shear strain is
much larger for inner layers than for outer layers, making it
appear that there is no ZZ effect for the EWL. Even though the
ratio of shear strains at the outer and inner [90/0] interface
remains the same, the difference in magnitude is considerably
larger for the inner layers. It is this difference in transverse shear
strains, rather than the ratio that drives the slope discontinuity of
the displacement ﬁeld.
This also means that discontinuities in transverse shear strain
for EWL laminates such as [0/90], [90/0] and [90/0/90] remain sig-
niﬁcant because of the larger transverse shear stresses at the EWL
interfaces. Thus, Gherlone (2013) was forced to specify an excep-
tion to the EWL implementation rule required for RZT. The rule
does not apply if the condition reduces the laminate to have the
same transverse shear modulii for all layers, as would be the case
for the [0/90], [90/0] and [90/0/90] laminates.
The difﬁculty in accurately modelling the ZZ phenomenon is
that the displacement and transverse shear stress ﬁelds are inter-
dependent. As shown in Fig. 2 the layerwise slopes of the ZZ-
displacement ﬁeld ux depend on the transverse shear stress distri-
bution. At the same time the transverse shear stress is a function of
the kinematic equations. The difﬁculty in axiomatic, displacement-
based theories is that the ad hoc assumptions for ux and uz need to
derive accurate transverse shear stresses, if the IC on sxz is to be
used to deﬁne layerwise ZZ slopes. Similarly, Ambartsumyan-type
models (Ambartsumyan, 1958a) need to include all pertinent vari-
ables that inﬂuence the distribution of the transverse shear stress
to derive an accurate through-thickness distribution for ux.2.2. Spring model for zig-zag displacements
The IC requirements on in-plane displacements and transverse
shear stresses are mechanically similar to a combined system of
‘‘springs-in-series’’ and ‘‘springs-in-parallel’’ (see Fig. 3). For exam-
ple, a set of springs in series acted upon by a constant force extends
the springs by different amounts. By analogy, a constant transverse
shear stress acting on a laminate with layers of different shear
modulii results in different shear strains in the layers. This repre-
sents a smeared, average value of the actual piecewise, parabolic
transverse shear distribution. At the same time a system of springs
in parallel elongated by a common displacement develops different
reaction forces in the springs. This case may be interpreted as lay-
erwise transverse shear stresses following the path of highest stiff-
ness. Conceptually, these two spring systems combine to capture
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Fig. 2. Pagano’s through-thickness solution of normalised in-plane deﬂection and transverse shear stress for a ½90=0=90=0=90 laminate. It is an example of EWL indicated by
the lack of zig-zag discontinuity at the outermost ply interfaces.
Fig. 3. Schematic diagram of a composite laminate with varying layerwise
transverse shear modulii GðkÞxz acted upon by transverse shear load and bending
moment, which is modelled by an analogous system of mechanical springs.
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enced by the IC conditions.
The average transverse shear stress condition of the ‘‘springs-
in-series’’ model is expressed via Hooke’s law as an effective shear
modulus G multiplied by an average shear strain cxz
sxz ¼ Gcxz: ð5Þ
The effective shear modulus G is found using the stiffness equation
of a set of springs in series
1
K
¼ 1
k1
þ 1
k2
þ . . .þ 1
kN
;
G ¼ t
ð1Þ=t
Gð1Þxz
þ t
ð2Þ=t
Gð2Þxz
þ . . .þ t
ðNÞ=t
GðNÞxz
" #1
;
) G ¼ 1
t
XN
k¼1
tðkÞ
GðkÞxz
" #1
: ð6Þ
Note that the shear modulus of each layer is normalised by the layer
thickness fraction to guarantee that G ¼ Gxz for a laminate with lay-
ers of equal shear modulii. It is worth emphasising that the effective
stiffness G is the same as the expression for Ga in Eq. (2) found by
Tessler et al. in RZT. The change in displacement slope ux;z at layer
interfaces depends on the differences in transverse shear strain at
interfaces. By inserting Eq. (5) into the transverse shear constitutive
equation,cðkÞxz ¼
sðkÞxz
Gkxz
¼ G
Gkxz
cxz ¼ gðkÞcxz; ð7Þ
we see that the transverse shear strain is a function of the layerwise
stiffness ratio gðkÞ ¼ G=GðkÞxz . This ratio is used to capture the differ-
ences in layerwise displacement slopes.
Fig. 2(b) shows that the shear stress proﬁle of a multi-layered
beam differs from a single layer beam in that the z-direction curva-
ture of the transverse shear stress proﬁle in the stiffer 0 plies is
increased whereas the curvature in the more compliant 90 is
reduced. Integrating the axial stress rx derived from CLA for a zero
B-matrix laminate in Cauchy’s equilibrium equations,
rx ¼ Q ðkÞx ¼ Q ðkÞzjx;
sxz ¼ 
Z
drx
dx
dz ¼ Q ðkÞ z
2
2
jx þ C
shows that the magnitude of the quadratic term z2 is inﬂuenced by
the transformed layer stiffness Q ðkÞ, noting that jx is the ﬂexural
curvature. The ‘‘springs-in-series’’ analogy is now used to deﬁne
an effective in-plane stiffness E,
E ¼ 1
t
XN
k¼1
tðkÞ Q ðkÞ: ð8Þ
The change in layerwise z-direction curvature of the transverse
shear stress proﬁle is a function of the relative magnitude of Q ðkÞ
to the equivalent laminate stiffness. Therefore, a layerwise in-plane
stiffness ratio eðkÞ ¼ Q ðkÞ=E is deﬁned to quantify the change in
transverse shear stress curvature of each layer.3. Modiﬁed Reddy zig-zag theory
In this section the laminate stiffness ratios gðkÞ and eðkÞ are used
to derive a new Ambartsumyan-type ZZ theory by modifying Red-
dy’s polynomial shear function (Reddy, 1983) to account for the ZZ
effect. The use of the shear function guarantees that transverse
shear stresses disappear at the top and bottom surfaces and that
transverse shear stresses are continuous at layer interfaces. The
model also resolves the issue of modelling ‘‘Externally Weak
Layers’’ that was addressed by Gherlone (2013) and provides accu-
rate a priori transverse shear predictions for composite laminates
with zero B-matrix terms. Being a displacement-based method,
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displacements.
3.1. Transverse shear stress and displacement ﬁelds
As a starting point Hooke’s Law of Eq. (5) is enhanced by the
continuous, parabolic shear stress proﬁle proposed by Reddy
(1983),
sxz ¼ G 1 4
t2
z2
 
cxzðxÞ: ð9Þ
A numerical investigation of various composite and sandwich
laminates using Pagano’s 3D elasticity solution was performed.
This showed that the layerwise z-direction curvatures of sxz can
be quantiﬁed empirically by the modiﬁcation factor
mðkÞ ¼ eðkÞðgðkÞ þ 1=gðkÞ  1Þ. This modiﬁcation factor reduces to
mðkÞ ¼ 1 for a homogeneous laminate. Eq. (9) is rewritten to
account for the differences in z-direction proﬁle curvature for dif-
ferent layers,
sðkÞxz ¼ G AðkÞ 
4
t2
eðkÞ gðkÞ þ 1
gðkÞ
 1
 
z2
 
cxzðxÞ; ð10Þ
where the layerwise constants AðkÞ are found by enforcing trans-
verse shear stress continuity at layer interfaces. Details of this
derivation are shown in Appendix A.
From the constitutive relation the layerwise shear strain cðkÞxz is
given by
cðkÞxz ¼
sxz
GðkÞxz
¼ gðkÞ AðkÞ  4
t2
mðkÞz2
 
cxzðxÞ: ð11Þ
Next, the displacement ﬁeld uxðx; zÞ is derived by integrating the
kinematic equation (4) in the thickness z-direction while assuming
that the transverse displacement uzðx; zÞ is constant through the
thickness
uðkÞx ðx; zÞ ¼ u0ðxÞ  zw;xðxÞ þ gðkÞ AðkÞz
4
3t2
mðkÞz3
 
cxz þ cðkÞcxz;
ð12aÞ
uzðx; zÞ ¼ wðxÞ: ð12bÞ
The layerwise constants cðkÞ are found by enforcing continuity of
displacements at layer interfaces and the condition that
uxðx;0Þ ¼ 0 due to the midplane symmetry of the beam. The deriva-
tion of the layerwise constants cðkÞ is provided in Appendix A.
3.2. Derivation of the governing equations
Consider a beam as represented in Fig. 4 undergoing static
deformations under a speciﬁc set of externally applied loads and
boundary conditions. The static behaviour of this structure isFig. 4. A composite beam loaded by distributed loads on the top and bottom
surfaces and subjected to pertinent boundary conditions at ends A and B.analysed using the ZZ displacement ﬁelds derived in Eq. (12) by
means of the two kinematic unknowns wðxÞ and cxzðxÞ.
The principle of virtual displacements states that a body is in
equilibrium if the virtual work done by the equilibrium forces,
when the body is perturbed by a virtual amount d~u from the true
conﬁguration ~u is zero. With regard to the elastic body depicted
in Fig. 4 the virtual work done by the virtual displacement d~u is
dPPVD ¼
Z xB
xA
Z
S
rHðkÞx d
GðkÞ
x ð~uÞ þ sHxzdcGðkÞxz ð~uÞ
 
dSdx
Z xB
xA
qdwdx

Z
S1
r^xdux þ s^xzdw½ dS1;
where r^x and s^xz are the prescribed stresses at the boundary points
xA and xB. The superscript G indicates that the strains are calculated
via the geometric strain–displacement relations:
GðkÞx ðx; zÞ ¼ u0;xðxÞ  zw;xxðxÞ þ f ðkÞðzÞcxz;xðxÞ ð13aÞ
cGðkÞxz ðx; zÞ ¼ gðkÞsðkÞðzÞcxzðxÞ; ð13bÞ
where the shear function sðkÞðzÞ ¼ AðkÞ  4
t2
mðkÞz2 and the displace-
ment function f ðkÞðzÞ ¼ gðkÞðAðkÞz 4
3t2
mðkÞz3Þ þ cðkÞ. The superscript
H indicates that the stresses are calculated via the material
constitutive equations (Hooke’s Law)
rHðkÞx ¼ Q ðkÞGðkÞx ; ð14aÞ
sHxz ¼ GðkÞxz cGðkÞxz ¼ GsðkÞðzÞcxz; ð14bÞ
where Q ðkÞ ¼ EðkÞx for a beam in plane-stress in the width-direction,
and Q ðkÞ ¼ EðkÞx = 1 mðkÞxy mðkÞyx
 	
for the plane-strain condition. Here
EðkÞx and G
ðkÞ
xz are the Young’s and transverse shear modulii, respec-
tively while v ðkÞxy and v ðkÞyx are the major and minor Poisson’s ratios
of the kth layer, respectively. The energy functional P is minimised
by means of the calculus of variations to give two Euler–Lagrange
equations that govern the equilibrium of force and moment
resultants,
dw : Mx;xx þ q ¼ 0; ð15aÞ
dcxz : Lx;x  Qx ¼ 0:: ð15bÞ
Furthermore, minimisation of P gives the essential and natural
boundary conditions at ends xA and xB:
dw : Mx;x  V^ x ¼ 0; ð16aÞ
dw;x : Mx  M^x ¼ 0; ð16bÞ
dcxz : Lx  L^x ¼ 0: ð16cÞ
The stress resultants are deﬁned as follows:
Mx
Lx
 
¼
Z t=2
t=2
z
f ðkÞ
 
rHðkÞx dz ¼
D Dc
Dc Dcc

  w;xx
cxz;x
 
; ð17aÞ
Qx ¼
Z t=2
t=2
gðkÞsðkÞðzÞsHðkÞxz dz ¼ Jcxz; ð17bÞ
V^x ¼
Z t=2
t=2
s^xzdz; ð17cÞ
where the beam stiffness constants are calculated using the follow-
ing integrals:
D;Dc;Dcc
  ¼XN
k¼1
Z zðkÞ
zðk1Þ
Q ðkÞ z2; zf ðkÞ; f ðkÞ
2 	
dz; ð18aÞ
J ¼
XN
k¼1
Z zðkÞ
zðk1Þ
GgðkÞðsðkÞðzÞÞ2dz: ð18bÞ
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resultant Lx is a higher-order moment that captures the ZZ beha-
viour. Similarly, M^x and L^x are the prescribed moments on the
boundary. Qx represents the transverse shear force in the ﬁeld equa-
tions whereas V^x is the shear force on the boundary. It is worth
mentioning that Eq. (17b) and (17c) show an inconsistency between
the two shear forces Qx and V^ x that is discussed by Groh and
Weaver, 2015.
4. Hellinger–Reissner zig-zag theory
Previous studies (Tessler et al., 2007, 2009; Whitney, 1972)
have shown that accurate transverse stress ﬁelds can be obtained
in a post-processing step by integrating the axial stresses in Cau-
chy’s indeﬁnite equilibrium equations. It is expedient to perform
this step a priori based on an accurate assumption of the axial
stresses, and then derive new sets of governing equations using
the Hellinger–Reissner mixed variational principle (Reissner,
1945). This approach was recently applied to straight-ﬁbre and
variable stiffness composites (Cosentino and Weaver, 2010; Groh
et al., 2013) but the authors did not include cubic axial stresses,
ZZ effects and the possibility of modelling laminates with non-zero
B-matrix terms in their models. The cubic behaviour is indepen-
dent of the ZZ effect and is driven by the material orthotropy ratio
Ex=Gxz and aspect ratio t=L that causes a ‘‘stress-channelling’’ effect
towards the surfaces of the beam (Everstine and Pipkin, 1971; Groh
and Weaver, 2015). These previous works are extended here to
remedy these shortcomings.
4.1. Higher-order zig-zag theory
We assume a cubic in-plane displacement ﬁeld of the form,
uðkÞx ðx; zÞ ¼ u0 þ zhþ z2fþ z3nþ /ðkÞðzÞw ¼ f ðkÞ/ ðzÞ  U; ð19aÞ
uzðxÞ ¼ w; ð19bÞ
where u0 is the reference surface axial displacement, h is the rota-
tion of the beam cross-section, f and n are higher-order rotations,
w is the ZZ rotation and /ðkÞ is a pertinent ZZ function. The row vec-
tor f ðkÞ/ describes the through-thickness displacement variation and
U is the vector of in-plane variables,
f ðkÞ/ ðzÞ ¼ 1 z z2 z3 /ðkÞðzÞ
 
; ð20Þ
U ¼ u0 h f n w½ T : ð21Þ
As outlined in the work by Tessler et al. (2009) the RZT ZZ-function
/ðkÞRZT is deﬁned by,
/ð1ÞRZT ¼ zþ
t
2
 
G
Gð1Þxz
 1
 !
; ð22aÞ
/ðkÞRZT ¼ zþ
t
2
 
G
GðkÞxz
 1
 !
þ
Xk
i¼2
tði1Þ
G
Gði1Þxz
 G
GðkÞxz
 !
; ð22bÞ
where G is the equivalent ‘‘springs-in-series’’ stiffness deﬁned in Eq.
(6). Murakami’s ZZ function (MZZF) (Murakami, 1986) is given by
/ðkÞMZZF ¼ ð1Þk
2
tk
z zkm
 
; ð23Þ
where zkm is the midplane co-ordinate of layer k. The layerwise
deﬁnitions in Eqs. (22) and (23) are re-written in the following
general form
/ðkÞðzÞ ¼ gðkÞZZF  zþ cðkÞZZF ; ð24Þwhere gðkÞZZF and c
ðkÞ
ZZF are the z-coefﬁcient and constant term of either
the RZT or MZZF deﬁnitions. In Section 5 the accuracy of the RZT ZZ
function and the MZZF are compared for a number of laminates and
these two implementations are denoted by HR-RZT and HR-MZZF,
respectively.
The following in-plane stress resultants can be derived from the
displacement ﬁeld of Eq. (19)
F ¼ N M O P L½ T ¼
Z t=2
t=2
f ðkÞ
T
/ r
HðkÞ
x dz;
) F ¼
A B D E B/
B D E F D/
D E F H E/
E F H I F/
B/ D/ E/ F/ D//
2
6666664
3
7777775
u0;x
h;x
f;x
n;x
w;x
0
BBBBBB@
1
CCCCCCA
¼ SU ;x ¼ S;  ð25Þ
where S is the constitutive stiffness matrix between stress resul-
tants F and strains . The beam stiffness constants are calculated
using the following integrals,
A;B;Dð Þ ¼
XN
k¼1
Z zk
zk1
Q ðkÞ 1; z; z2
 
dz; ð26aÞ
E; F;H; Ið Þ ¼
XN
k¼1
Z zk
zk1
Q ðkÞ z3; z4; z5; z6
 
dz; ð26bÞ
B/;D/;D//
 	
¼
XN
k¼1
Z zk
zk1
Q ðkÞ/ðkÞ 1; z;/ðkÞ
 	
dz; ð26cÞ
E/; F/
 	
¼
XN
k¼1
Z zk
zk1
Q ðkÞ/ðkÞ z2; z3
 
dz: ð26dÞ
Here ðO; PÞ and L are higher-order moments that capture the
‘‘stress-channelling’’ and ZZ effects, respectively. The axial stress
ﬁeld of this higher-order theory, written in terms of the stress resul-
tants F , can be used alongside the Hellinger–Reissner mixed
variational principle (HR) to develop a new higher-order ZZ theory
that enforces Cauchy equilibrium equations a priori.
4.2. Derivation of transverse shear and transverse normal stresses
The axial strain corresponding to the displacement ﬁeld of Eq.
(19) is given by,
ðkÞx ¼ 1 z z2 z3 /ðkÞðzÞ
   U ;x ¼ f ðkÞ/  : ð27Þ
The constitutive relation between stress resultants F and strains 
in Eq. (25) is inverted to deﬁne a compliance matrix s
 ¼ sF where s ¼ S1: ð28Þ
Applying the stress–strain Eq. (14a) in combination with Eqs. (27)
and (28) the axial stress is,
rðkÞx ¼ Q ðkÞðkÞx ¼ Q ðkÞf ðkÞ/ sF : ð29Þ
An expression for the transverse shear stress is found by integrating
the axial stress of Eq. (29) in Cauchy’s indeﬁnite equilibrium
equation,
sðkÞxz ¼ 
Z
drx
dx
dz ¼ Q ðkÞ
Z
f ðkÞ/ dz
 
sF ;x
¼ Q ðkÞgðkÞ/ sF ;x þ aðkÞ; ð30Þ
where gðkÞ/ ðzÞ captures the quartic variation of sðkÞxz through each ply k
of the laminate,
gðkÞ/ ðzÞ ¼ z z22 z
3
3
z4
4 g
ðkÞ
ZZF
z2
2 þ cðkÞZZFz
h i
: ð31Þ
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cial continuity conditions sðkÞxz ðzk1Þ ¼ sðk1Þxz ðzk1Þ and one of the pre-
scribed surface tractions, i.e. either the bottom surface sð1Þxz ðz0Þ ¼ T^b
or the top surface sðNÞxz ðzNÞ ¼ T^ t . Here we choose to enforce the bot-
tom surface traction such that the layerwise integration constants
ak are found to be
aðkÞ ¼
Xk
i¼1
Q ðiÞgðiÞ/ ðzi1Þ  Q ði1Þgði1Þ/ ðzi1Þ
h i
sF ;x þ T^b;
aðkÞ ¼ aðkÞsF ;x þ T^b; ð32Þ
where by deﬁnition Q0 ¼ 0.
In the derivation of Eq. (32) the surface traction on the top
surface is not enforced explicitly. However, this condition is
automatically satisﬁed if equilibrium of the axial stress ﬁeld Eq.
(29) and transverse shear stress Eq. (30) is guaranteed. As we are
dealing with an equivalent single layer the equilibrium equation
is integrated through the thickness z-direction,Z zN
z0
rx;xdzþ
Z zN
z0
sxz;zdz ¼ N;x þ sðNÞxz ðzNÞ  sð1Þxz ðz0Þ ¼ 0: ð33Þ
An expression for N;x is easily derived from Eq. (29),
N;x ¼
XN
k¼1
Q ðkÞgðkÞ/ ðzkÞ  Q ðkÞgðkÞ/ ðzk1Þ
h i
sF ;x: ð34Þ
Now the only undeﬁned quantity in Eq. (33) is sðNÞxz ðzNÞ and an
expression for this is sought using Eq. (30), (32) and (34),
sðNÞxz ðzNÞ ¼ Q ðNÞgðNÞ/ ðzNÞ þ aðNÞ
 	
sF ;x þ T^b
¼ 
XN
k¼1
Q ðkÞgðkÞ/ ðzkÞ  Q ðkÞgðkÞ/ ðzk1Þ
h i
sF ;x þ T^b
)sðNÞxz ðzNÞ ¼ N;x þ T^b ð35Þ
such that by substituting back into Eq. (33) we have
N;x þ N;x þ T^b
 	
 sð1Þxz ðz0Þ ¼ 0 ð36Þ
and as sð1Þxz ðz0Þ ¼ T^b the expression in Eq. (36) is satisﬁed. Thus, as
long as Eq. (33) is enforced in the theory the top surface shear
traction is automatically recovered.
Next, an expression for the transverse normal stress is derived
in a similar fashion. Integrating Cauchy’s transverse equilibrium
equation yields
rðkÞz ¼ 
Z
dsxz
dx
dz ¼
Z
Q ðkÞgðkÞ/  aðkÞ
 	
sF ;xxdz T^b;xz
¼ Q ðkÞhðkÞ/  aðkÞz
 	
sF ;xx  T^b;xzþ bðkÞ; ð37Þ
where the transverse normal matrix hðkÞ/ is given by
hðkÞ/ ðzÞ ¼ z22 z
3
6
z4
12
z5
20 g
ðkÞ
ZZF
z3
6 þ cðkÞZZF z
2
2
h i
: ð38Þ
The N layerwise constants bðkÞ are found by enforcing the N  1
continuity conditions rðkÞz ðzk1Þ ¼ rðk1Þz ðzk1Þ and one of the pre-
scribed surface tractions, i.e. either the bottom surface
rð1Þz ðz0Þ ¼ P^b or the top surface rðNÞz ðzNÞ ¼ P^t . We again choose to
enforce the bottom surface traction and then show that the sur-
face traction at the top surface is recovered if equilibrium of the
transverse shear stress Eq. (30) and transverse normal stress Eq.
(37) is guaranteed. By enforcing the N  1 continuity conditions
and rð1Þz ðz0Þ ¼ P^b,bðkÞ ¼
Xk
i¼1
Q ði1Þhði1Þ/ ðzi1Þ  Q ðiÞhðiÞ/ ðzi1Þ þ aðiÞ  aði1Þ
 
zi1
h i
sF ;xx
þ T^b;xz0 þ P^b;
bðkÞ ¼ bðkÞsF ;xx þ T^b;xz0 þ P^b; ð39Þ
where by deﬁnition Q0 ¼ a0 ¼ 0. Integrating the equilibrium
equation through the thickness z-direction,
Z zN
z0
sxz;xdzþ
Z zN
z0
rz;zdz ¼ Q ;x þ rðNÞz ðzNÞ  rð1Þz ðz0Þ ¼ 0; ð40Þ
where Q is the transverse shear force. An expression for Q ;x is
derived by integrating Eq. (30) and substituting Eq. (32) for aðkÞ,
Q ;x ¼
XN
k¼1
Q ðkÞ hðkÞ/ ðzk1Þ  hðkÞ/ ðzkÞ
 	
þ aðkÞtðkÞ
h i
sF ;xx þ
XN
k¼1
T^b;xtðkÞ;
ð41Þ
where tðkÞ is the thickness of the kth layer. An expression for rðNÞz ðzNÞ
is deﬁned using Eq. (37), (39) and (41),
rðNÞz ðzNÞ ¼ Q ðNÞhðNÞ/ ðzNÞ  aðNÞzN þ bðNÞ
 	
sF ;xx  T^b;x zN  z0ð Þ þ P^b
¼
XN
k¼1
Q ðkÞ hðkÞ/ ðzkÞ  hðkÞ/ ðzk1Þ
 	
 aðkÞtðkÞ
h i
sF ;xx

XN
k¼1
T^b;xtðkÞ þ P^b ) rðNÞz ðzNÞ ¼ Q ;x þ P^b ð42Þ
such that by substituting back into Eq. (40) we have
Q ;x þ Q ;x þ P^b
 	
 rð1Þz ðz0Þ ¼ 0 ð43Þ
and as rð1Þz ðz0Þ ¼ P^b the expression in Eq. (43) is satisﬁed. Thus, as
long as Eq. (40) is enforced in the theory the top surface pressure
is automatically recovered.Finally, for conciseness, the layerwise
coefﬁcients in the equations for sðkÞxz and rðkÞz , Eqs. (30) and (37)
respectively, are each combined conveniently into single layerwise
vectors such that,
sðkÞxz ¼ cðkÞsF ;x þ T^b; ð44aÞ
rðkÞz ¼ eðkÞsF ;xx  T^b;x z z0ð Þ þ P^b: ð44bÞ4.3. Hellinger–Reissner mixed variational principle
A new set of equilibrium equations is derived by means of min-
imising the potential energy functional P deﬁned in Castigliano’s
Theorem of Least Work. In this case, P is a functional of the stress
resultants F that deﬁne the internal strain energy of the beam and
the work done by external tractions. As shown in the previous sec-
tion, equilibrium equations (33) and (40) should be satisﬁed to
guarantee that the transverse stresses are recovered accurately.
First, the transverse shear force Q is eliminated from Eq. (40) using
the moment equilibrium condition,
Z zN
z0
z rx;x þ sxz;zð Þdz ¼ M;x  Q þ zNT^t  z0T^b
h i
¼ 0;
) Q ¼ M;x þ zNT^t  z0T^b
h i
ð45Þ
Fig. 5. A simply supported beam loaded by a sinusoidal distributed load that is used
to assess the accuracies of the presented ZZ formulations against the 3D elasticity
solution of Pagano (1969).
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M;xx þ zNT^t;x  z0T^b;x þ P^t  P^b ¼ 0: ð46Þ
For equilibrium of the system the ﬁrst variation of the potential
energy functionalPmust vanish in such a manner that equilibrium
equations (33) and (46) are satisﬁed over the whole beam domain
x 2 ½xA; xB. Following the rules of the calculus of variations this con-
dition is enforced using Lagrange multipliers k1ðxÞ and k2ðxÞ, respec-
tively, and adding these to the variation of functional P.
dP¼ d 1
2
Z
V
rxxþsxzcxzþrzzð ÞdV
Z
S2
rxu^ðkÞx þsxzw^
 
dS2


þ
Z
k1 N;xþ T^t T^b
 	
dxþ
Z
k2 M;xxþzNT^t;xz0T^b;xþ P^t P^b
 	
dx

¼0; ð47Þ
where u^ðkÞx and w^ are the displacements deﬁned on the boundary
curve S2.
In Eq. (47) the quantities rx; sxz and rz are deﬁned by Eqs. (29),
(44a) and (44b), respectively. The transverse shear strain cðkÞxz is
deﬁned using the constitutive equation (14b),
cðkÞxz ¼
sðkÞxz
GðkÞxz
¼ 1
GðkÞxz
cðkÞsF ;x þ T^b
 	
: ð48Þ
The transverse normal strain ðkÞz is derived from Hooke’s Law,
written in terms of the full compliance matrix Sij in a state of plane
strain in y, as this is the condition assumed in Section 5. Thus,
ðkÞz ¼ RðkÞ13rðkÞx þ RðkÞ33rðkÞz ; where Rij ¼ Sij 
Si2Sj2
S22
¼ RðkÞ13 Q ðkÞf ðkÞ/ sF þ RðkÞ33 eðkÞsF ;xx  T^b;x z z0ð Þ þ P^b
 	
: ð49Þ
The new set of governing equations is derived by substituting
all stress and strain expressions Eqs. (29), (44a), (44b), (48) and
(49) into Eq. (47) and setting the ﬁrst variation to zero. The corre-
sponding Euler–Lagrange ﬁeld equations in terms of the functional
unknowns k1ðxÞ; k2ðxÞ and F are,
dk1 : N;x þ T^t  T^b ¼ 0; ð50aÞ
dk2 : M;xx þ zNT^t;x  z0T^b;x þ P^t  P^b ¼ 0; ð50bÞ
dF : sTF  gxð ÞTF ;xx þ qTF ;xxxx þ
xTp
2
P^b þ qTpP^b;xx
 vþxt
2
 	T
T^b;x  qTt T^b;xxx þ Keq ¼ 0; ð50cÞ
where the superscript T denotes the transpose of a matrix. The per-
tinent essential and natural boundary conditions are given by,
dF ¼ 0 or gx
2
 	T
F ;x  qTF ;xxx þ vT T^b þ qTt T^b;xx
 qTpP^b;x þ Kbc1 ¼ U^; ð51aÞ
dF ;x ¼ 0 or x
T
2
F þ qTF ;xx  qTt T^b;x þ qTpP^b þ Kbc2 ¼ W^: ð51bÞ
The governing equations related to dF are written in matrix
notation, with each row deﬁning a separate equation. In total there
are seven ﬁeld equations that can be solved by deﬁning the ten
boundary equations and four surface tractions. Eq. (50c) are
enhanced versions of the CLA constitutive equationM ¼ Dw;xx, tak-
ing into account transverse shearing and transverse normal effects,
and the inﬂuence of the higher-order moments. The members of
matrix g are transverse shear correction factors, while members
of q and x are correction factors related to the transverse normal
stresses and Poisson’s effect of transverse normal stresses, respec-
tively. The members of row vectors v; qt ; qp; xt and xp arecorrection factors enforcing transverse shear and transverse nor-
mal behaviour related to the surface tractions. Column vectors K
only include the Lagrange multipliers k1; k2 and their derivatives.
The full derivation of the governing equations including details of
all coefﬁcients are given in Appendix B. Finally, the expressions
found in Eq. (51a) can be used to determine the deformation vector
U of the reference surface, whereas the second row of Eq. (51b) can
be used to ﬁnd an expression for the bending deﬂection w.
5. Results and model validation
The governing equations for the Modiﬁed Reddy zig-zag theory
(MRZZ) and the Hellinger–Reissner zig-zag theory (HR-RZT and HR-
MZZF) were derived for laminated beams in plane-strain because
this allows the results to be compared against Pagano’s 3D elasticity
solution. However, both theories are not restricted to beams and
may readily be extended to the analysis of laminated plates.
Consider a multilayered, laminated beam comprising N
orthotropic composite layers as illustrated in Fig. 4 with the mid-
plane and normal to the beam aligned with the cartesian x- and
z-axes. The layers may be arranged in any general fashion with dif-
ferent ply thicknesses, material properties or material orientations.
The beam is assumed to be simply-supported at the two ends
xA ¼ 0 and xB ¼ a as shown in Fig. 5, and is considered to undergo
static deformation in plane strain under the applied sinusoidal dis-
tributed load equally divided between the top and bottom surfaces
P^b ¼ P^t ¼ q0=2  sinðpx=aÞ. This boundary value problem is anal-
ysed using the governing equations derived in Eq. (15) for the
Modiﬁed Reddy displacement-based theory and Eq. (50) for the
Hellinger–Reissner mixed theory.
5.1. Modiﬁed Reddy zig-zag theory
A closed form solution for ðwðxÞ; cxzðxÞÞ is sought that satisﬁes
the boundary conditions at the two ends,
w ¼ Mx ¼ Lx ¼ 0 for x ¼ 0; a: ð52Þ
The expressions,
w ¼ W sin px
a
 	
; ð53aÞ
cxz ¼ C cos pxa
 	
ð53bÞ
satisfy the above boundary conditions exactly, where W and C are
the bending deﬂection and shear rotation amplitudes, respectively.
Substituting Eq. (53) into the constitutive relations (17) and then
into the governing differential Eqs. (15) results in the following
algebraic expressions for W and C,
C ¼  a
3
p3 Dc  DDccDc  DJDc a
2
p2
  q0; ð54aÞ
W ¼ D
cc
Dc
a
p
þ J
Dc
a3
p3
 
C: ð54bÞ
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strains and stresses using the pertinent formulae in Section 3.2.
5.2. Hellinger–Reissner zig-zag theory
For the Hellinger–Reissner zig-zag theories HR-RZT and HR-
MZZF variable assumptions that satisfy the boundary conditions,
W^ ¼ F ¼ 0 at x ¼ 0; a: ð55Þ
are given by
ðk2;FÞ ¼ ðk20 ;F0Þ  sin
px
a
 	
ð56aÞ
k1 ¼ k10  cos
px
a
 	
ð56bÞ
The boundary condition N ¼ 0 at x ¼ a; b in Eq. (55) combined with
the absence of surface shear tractions T^b ¼ T^t ¼ 0 means that the
membrane force N vanishes over the whole beam domain.
Therefore the membrane force amplitude N0 ¼ 0 in Eq. (56a) and
equilibrium Eq. (50a) need not be considered.
Substituting Eq. (56) into the governing differential equations
(50b) and (50c) results in six simultaneous algebraic equations in
six unknowns x ¼ ðM0 O0 P0 L0 k10 k20 ÞT . These equations are
readily solved by matrix inversion,
x ¼ K1q; ð57Þ
where the stiffness matrix K is comprised of the coefﬁcients of the
F ; k1 and k2 terms in Eqs. (50b) and (50c) and the column load
vector q is comprised of the terms associated with T^b; T^t; P^b and T^t .
5.3. Numerical results
The MRZZ and HR-RZT theories introduced within are compared
against the 3D elasticity solution by Pagano (1969) for various
symmetrically and arbitrarily laminated composite and sandwich
beams. Even though the 3D elasticity solution by Pagano was
developed for cylindrical bending of an inﬁnitely wide plate, the
solution is equally applicable to beams under plane strain. In order
to emphasise the effects of transverse shear and ZZ deformability,
relatively deep beams of length-to-thickness ratios a=t ¼ 8 are
considered for all stacking sequences. The material properties
and stacking sequences are shown in Tables 1 and 2, respectively.
Material pwas orginally deﬁned by Pagano (1969) and is represen-
tative of a carbon-ﬁbre reinforced plastic whereas material m fea-
tures increased transverse stiffness and is based on the work by
Toledano and Murakami (1987). Material pvc is a closed-cell poly-
vinyl chloride foam modelled as an isotropic material. The honey-
comb core h is modelled as transversely isotropic and features
signiﬁcantly lower transverse shear stiffness than material p to
exacerbate the ZZ effect. As all results are normalised data, the
Young’s and shear modulii in Table 1 are presented in non-
dimensionalised form, in this case with respect to the shear mod-
ulus G12 of material h.
The stacking sequences in Table 2 are split into a group of zero
B-matrix laminates A-H and general laminates I-M. Laminates A-DTable 1
Mechanical properties of materials p, m, pvc and h normalised by the in-plane shear mod
Material E1
GðhÞ12
E2
GðhÞ12
E3
GðhÞ12
v12 v13
p 25	 106 1	 106 1	 106 0.25 0.25
m 32:57	 106 1	 106 10	 106 0.25 0.25
pvc 25	 104 25	 104 25	 104 0.3 0.3
h 250 250 2500 0.9 3	 10are symmetric cross-ply composite laminates with 0 and 90 lay-
ers progressively more dispersed through the thickness. Even
though thick blocks of 0 and 90 plies (as in Laminate A) are not
commonly used in industry due to transverse cracking issues, this
sequence maximises the ZZ effect for validation purposes. Lami-
nates E-G are symmetric thick-core sandwich beams with uni-
directional or cross-ply outer skins. Laminate G may be considered
as a challenging test case in that the sandwich construction max-
imises the ZZ effect, the stacking sequence is a combination of
three distinct materials and the 90 outer plies act as Externally
Weak Layers (EWL). Laminate J is an example of an anti-symmet-
rically laminated beam with zero B-matrix terms. As Pagano’s 3D
elasticity solution does not include modelling of off-axis,
anisotropic layers the 45 plies were modelled with effective
orthotropic material properties using the transformed axial mod-
ulii Q ðkÞx and transverse shear moduli G
ðkÞ
xz . Laminates I and J are
non-symmetric counterparts to the cross-ply laminates A-D men-
tioned above. Finally, laminates K-M are highly heterogeneous
laminates with general laminations in terms of ply orientations,
ply thicknesses and ply material properties, and present a chal-
lenging test case for any ESL theory.
Normalised quantities of the bending deﬂection w, axial stress
rx, transverse shear stress sxz and transverse normal stress rz are
used as metrics to assess the accuracy of the present theories.
These normalised quantities are deﬁned as follows,
w ¼ 10
6t2
q0a4
Z t
2
t2
uz
a
2
; z
 	
dz; rx ¼ t
2
q0a2
 rx a2 ; z
 	
; ð58a-bÞ
sxz ¼ 1q0
 sxzð0; zÞ; rz ¼ 1q0
 rz a2 ; z
 	
ð58c-dÞ
and are calculated at the indicated locations ðx; zÞ along the span of
the beam. The normalised deﬂections w for the ESL theories are con-
stant through the thickness and thus compared against Pagano’s
normalised average through-thickness deﬂection Eq. (58a).
The relative percentage errors with respect to Pagano’s 3D elas-
ticity solution of the normalised metrics w, the maximum through-
thickness values rmaxx and smaxxz for the zero B-matrix laminates A-H
are shown in Table 3. In each case errors greater than 3% have been
underlined to indicate an error outside the acceptable accuracy
margin. For comparison, the table also includes the results of a
third-order RMVT implementation using the cubic in-plane dis-
placement assumption of Lo et al. (1977) enhanced with a ZZ vari-
able, combined with the piecewise, parabolic transverse shear
stress assumption of Murakami (1986). Both the HR and RMVT for-
mulations have been implemented with the RZT ZZ function and
Murakami’s ZZ function (MZZF) (Murakami, 1986) to compare
their performances. Similarly, the results for the general laminates
I-M are shown in Table 4. This table does not include the results for
MRZZ as this theory is based on the assumption of zero B-matrix
lamination. Finally, to qualitatively compare the stress ﬁelds
through the full laminate thicknesses, the normalised axial stresses
rx and transverse shear stresses sxz are plotted in Figs. 6–18.
Table 3 shows that the accuracy of MRZZ for w and rmaxx is
within 1.1% for the zero B-matrix laminates considered here. Forulus GðhÞ12 of material h.
v23 G12
GðhÞ12
G13
GðhÞ12
G23
GðhÞ12
0.25 5	 105 5	 105 2	 105
0.25 6:5	 105 8:21	 106 3:28	 106
0.3 9:62	 104 9:62	 104 9:62	 104
5 3	 105 1 875 1750
Table 2
Analysed stacking sequences with zero B-matrix layups A–H and arbitrary layups I–M. Subscripts indicate the repetition of a property over the corresponding number of layers.
Laminates with Externally Weak Layers are indicated by (EWL).
Laminate Layer thickness ratio Layer materials Stacking sequence
A ½ð1=3Þ3 [p3] ½0=90=0
B ½:25 [p5] ½0=90=0=90=0
C (EWL) ½:25 [p5] ½90=0=90=0=90
D ½ð1=51Þ51  [p51] ½0=ð90=0Þ25
E ½ð1=30Þ3=0:8=ð1=30Þ3 [p3/pvc/p3] ½0=90=03=90=0
F ½ð1=30Þ3=0:8=ð1=30Þ3 [p3/h/p3] ½0=90=03=90=0
G (EWL) ½:12=:23=:12 [p2/pvc/h/pvc/p2] ½90=05=90
H (EWL) ½ð1=12Þ12  [p12] ½45=
 45=0=902=0=
 45= 45
I ½0:3=0:7 [p2] ½0=90
J (EWL) ½0:254 [p4] ½0=90=0=90
K ½0:1=0:3=0:35=0:25 [p2/m/p] ½0=90=02
L (EWL) ½0:3=0:2=0:15=0:25=0:1 [p3/m/p] ½0=90=02=90
M ½0:1=0:7=0:2 [m/pvc/p] ½03
Table 3
Zero B-matrix laminates A–H: Normalised results of maximum transverse deﬂection, maximum absolute axial stress and maximum absolute
transverse shear stress of Pagano’s solution are shown in bold. Different model results are given by percentage errors with respect to Pagano’s
solution. Errors greater than 3% are underlined.
Laminate Model w rmaxx smaxxz
A Pagano 0.0116 0.7913 3.3167
MRZZ (%) 0.03 1.08 2.29
HR-RZT (%) 0.06 0.23 0.04
HR-MZZF (%) 0.05 0.23 0.04
RMVT-RZT (%) 0.07 2.03 0.55
RMVT-MZZF (%) 0.07 2.03 0.55
B Pagano 0.0124 0.8672 3.3228
MRZZ (%) 0.20 0.36 1.63
HR-RZT (%) 0.07 0.92 0.23
HR-MZZF (%) 0.07 0.92 0.23
RMVT-RZT (%) 0.08 1.10 1.40
RMVT-MZZF (%) 0.08 1.10 1.40
C (EWL) Pagano 0.0303 1.6307 5.3340
MRZZ (%) 0.36 0.56 1.36
HR-RZT (%) 0.24 0.49 0.03
HR-MZZF (%) 0.24 1.05 0.07
RMVT-RZT (%) 0.66 0.48 0.37
RMVT-MZZF (%) 1.49 0.45 18:06
D Pagano 0.0154 1.2239 3.6523
MRZZ (%) 0.23 0.63 1.94
HR-RZT (%) 0.11 0.34 0.05
HR-MZZF (%) 0.11 0.34 0.05
RMVT-RZT (%) 0.62 1.15 19:22
RMVT-MZZF (%) 0.62 1.15 19:22
E Pagano 0.0309 1.9593 2.8329
MRZZ (%) 0.23 0.39 0.69
HR-RZT (%) 0.06 0.02 0.16
HR-MZZF (%) 0.09 0.88 0.33
RMVT-RZT (%) 0.13 0.08 31:96
RMVT-MZZF (%) 1.18 0.04 218:78
F Pagano 1.0645 13.9883 8.1112
MRZZ (%) 0.70 0.28 79:54
HR-RZT (%) 0.28 0.24 0.05
HR-MZZF (%) 0.25 7:96 0.29
RMVT-RZT (%) 0.32 0.15 16:74
RMVT-MZZF (%) 62:92 54:24 2697:28
G (EWL) Pagano 0.4590 6.3417 5.6996
MRZZ (%) 0.37 0.43 61:92
HR-RZT (%) 0.02 0.02 0.04
HR-MZZF (%) 7:11 10:66 0.13
RMVT-RZT (%) 0.08 0.07 5:53
RMVT-MZZF (%) 88:80 70:05 188:93
H (EWL) Pagano 0.0224 0.6157 4.0096
MRZZ (%) 0.47 0.55 4:13
HR-RZT (%) 0.40 0.26 0.05
HR-MZZF (%) 0.48 2.75 1.07
RMVT-RZT (%) 0.45 0.06 0.26
RMVT-MZZF (%) 3:15 0.64 42:11
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Table 4
Arbitrary laminates I–M: Normalised results of maximum transverse deﬂection,
maximum absolute axial stress and maximum absolute transverse shear stress of
Pagano’s solution are shown in bold. Different model results are given by percentage
errors with respect to Pagano’s solution. Errors greater than 3% are underlined.
Laminate Model w rmaxx smaxxz
I Pagano 0.0482 2.0870 4.8799
HR-RZT (%) 0.64 0.59 0.17
HR-MZZF (%) 0.64 0.59 0.17
RMVT-RZT (%) 0.57 1.84 0.41
RMVT-MZZF (%) 0.57 1.84 0.41
J (EWL) Pagano 0.0195 1.2175 4.3539
HR-RZT (%) 0.36 0.94 0.06
HR-MZZF (%) 0.36 0.67 0.10
RMVT-RZT (%) 0.39 2.22 3:71
RMVT-MZZF (%) 0.81 0.69 11:38
K Pagano 0.0100 0.9566 4.1235
HR-RZT (%) 0.39 0.06 0.48
HR-MZZF (%) 0.39 0.19 0.11
RMVT-RZT (%) 5:48 4:42 8:95
RMVT-MZZF (%) 0.67 1.05 13:56
L (EWL) Pagano 0.0115 1.0368 3.8037
HR-RZT (%) 0.29 0.61 0.12
HR-MZZF (%) 0.53 6:16 0.17
RMVT-RZT (%) 0.12 0.05 0.91
RMVT-MZZF (%) 12:48 3:93 195:58
M Pagano 0.0226 1.4902 2.8969
HR-RZT (%) 0.05 0.51 0.06
HR-MZZF (%) 0.06 1.11 0.05
RMVT-RZT (%) 0.03 0.47 0.22
RMVT-MZZF (%) 0.05 0.98 3:91
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stress smaxxz is also within 2.3%. Furthermore, the corresponding
Figs. 6–10 show that the axial stress and transverse shear stress
for these laminates is accurately captured through the entire lami-
nate thickness. The error in maximum transverse shear stress for
the anti-symmetric Laminate H is slightly greater at 4.13%. Howev-
er, the transverse shear proﬁle in Fig. 13(b) shows that this error is
on the conservative side and that the overall proﬁle is captured
well. Considering that MRZZ only requires two degrees of freedom,
the spring modiﬁcation factors gðkÞ and eðkÞ appear to be efﬁcient
methods of achieving both accurate axial and transverse shear
stress solutions for zero B-matrix laminates. This result is especial-
ly noteworthy as most displacement-based models with the prin-
ciple of virtual displacements do not obtain accurate transverse
shear stresses a priori and require a post-processing stress recovery
step (Carrera, 2003a).
However, the errors in smaxxz for the honeycomb sandwich beams
F and G are excessive. The corresponding Figs. 11(b) and 12(b)
show that the MRZZ shear function is unable to capture the rever-
sal of the transverse shear stress ﬁeld in the stiffer face layers. This
effect happens because the shear stress assumption Eq. (10) does
not allow the magnitude of transverse shear stress to decrease
between the outer surface and the laminate mid-plane. This beha-
viour only occurs for extreme cases of transverse orthotropy, when
the transverse shear rigidity of an inner layer is insufﬁcient to sup-
port the peak transverse shear stress of the adjacent outer layer. In
essence, it is a load redistribution effect that occurs because the
shear force must remain constant for any laminate under the same
external load. Thus, as the transverse shear orthotropy between
different layers is increased the transverse shear stress is increas-
ingly shifted towards the stiffer layers. The extreme case of trans-
verse orthotropy occurs when stiffer outer layers are essentially
bending independently with fully reversed transverse shear pro-
ﬁles (i.e. the inner layer carries no transverse shear). To capture
this effect an extra z-term with an appropriate coefﬁcient would
have to be added to the MRZZ shear stress assumption of Eq.
(10). Figs. 11(b) and 12(b) also show that the shear force, being
the integral through the thickness, is much less for the MRZZ for-
mulation than for Pagano’s solution. This occurs because the trans-
verse shear stress proﬁle is dominated by the smallest value of GðkÞxz
in the laminate as a result of the reciprocal sum deﬁnition of G in
Eq. (6).
On the other hand, the corresponding MRZZ axial stress ﬁelds
for Laminates F and G in Figs. 11(a) and 12(a) remain accurate
throughout the entire thickness. Thus, more accurate transverse
shear stress proﬁles for laminates F and G could be obtained in a
post-processing stress recovery step although these would not sat-
isfy the original beam equilibrium equations. Finally, the axial
stress plots in Figs. 8(a), 12(a) and 13(a) show that the slope of
the externally weak 90 layers is rigorously and accurately cap-
tured using MRZZ without the need for the RZT implementation
rule described in Section 2.1.
For all analysed laminates the accuracy of HR-RZT is within
1% for all three metrics w; rmaxx and smaxxz . The corresponding
through-thickness plots in Figs. 6–18 show that both axial stress
and transverse shear stress proﬁles are closely matched to Paga-
no’s 3D elasticity solution for any type of laminate. Most impor-
tantly, the transverse shear stress proﬁle is captured accurately
from the a priori model assumption. Moreover, the through-
thickness plots of rz in Figs. 19 and 20 show that the transverse
normal stress ﬁeld is also captured accurately. Thus, the HR-RZT
formulation is shown to be an ESL theory with seven unknowns
that provides 3D stress ﬁeld predictions to within nominal errors
of Pagano’s 3D elasticity solution for arbitrarily laminated, thick
(thickness-to-length ratio 1:8), anisotropic, composite andsandwich beams without the need for post-processing stress
recovery steps.
The accuracy of the HR-MZZF formulation is within the same
range as HR-RZT for most laminates, and for cross-ply Laminates
A,B,D and I the results are identical. Small discrepancies exist for
cross-ply laminates Laminates C and J because of the presence of
EWLs which are not taken account of in the MZZF. For laminates
with at least three unique plies, arising either due to different
material properties or varying ply orientations, the HR-MZZF for-
mulation generally gives less accurate results for all three metrics
metrics w; rmaxx and smaxxz (Laminates E, F, G, H, K, L and M). For
Laminates E, K and M the difference between the two theories is
marginal, while for Laminates F, G, H and L the error in rmaxx of
HR-MZZF is an order of magnitude greater than for HR-RZT. In fact
the HR-MZZF error in rmaxx for Laminates F, G and L, and w for Lami-
nate G is more than double the 3% threshold. Furthermore,
Figs. 13(a) and 17(a) show that for Laminates H and L there are
visible discrepancies in the rx through-thickness proﬁle compared
to Pagano’s solution. The numerical errors in Tables 3 and 4 sug-
gest that HR-MZZF captures the maximum value of the transverse
shear stress accurately for all laminates. However, the through-
thickness shear stress proﬁles indicate that this is generally not
the case. For example, in Fig. 12(b) the transverse shear stress is
accurately captured in the outer 0 p-layers of Laminate G whereas
there are visible discrepancies in the stress proﬁle for all other
layers. The authors want to emphasise that while the results of
HR-MZZF are not as accurate as the HR-RZT formulation, overall
the results are satisfactory given the challenging laminates
considered here.
The HR a priorimodel assumption of transverse shear stress pro-
vides superior results to the model assumption in the RMVT formu-
lation. The transverse shear stress proﬁles for laminates with a
small number of layers, such as A, B, I and M, follow Pagano’s
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Fig. 6. Laminate A: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 7. Laminate B: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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ber of layers is increased the transverse shear proﬁles of both for-
mulations oscillate around the 3D elasticity solution, most clearly
shown in Fig. 9(b). In Laminates E, F, G, H and L the oscillations in
the RMVT-MZZF solution signiﬁcantly increases the maximum val-
ue of the transverse shear stress smaxxz as indicated by the 2700%
error for Laminate F in Table 3. In RMVT two independent assump-
tions are made for the displacement and transverse shear stress
ﬁelds which are enforced to be kinematically compatible in the
variational statement. However, as was shown in Section 2, the
ZZ effect in the displacement ﬁeld is directly related to the presence
of C1 discontinuous transverse shear strains that result from conti-
nuity requirements on transverse shear stresses at layer interfaces,
and as such, the independence of the two ﬁelds is not absolute.Whereas the minimisation of the strain energy in RMVT guarantees
that the geometric and assumedmodel shear strains are compatible
there is no such condition on equilibrium between the axial stress
and the transverse shear stress. In the HR principle the situation
is reversed in that compatibility of geometric and assumed model
strains is not guaranteed whereas equilibrium of stresses is
enforced. In terms of deriving accurate stress ﬁelds, which are the
critical measures for failure analyses, it seems that the enforcement
of equilibrium ismore critical than displacement compatibility, and
hence HR seems to be a better formulation than RMVT.
For most laminates the through-thickness proﬁles of sxz for
RMVT-RZT show major discrepancies compared with Pagano’s
solution. On the other hand, the through-thickness plots of rx
closely match Pagano’s solution. Thus, the RMVT-RZT axial stress
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Fig. 8. Laminate C: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 9. Laminate D: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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more accurate transverse stresses, a step which was advised by
Toledano & Murakami in their original papers on RMVT
(Toledano and Murakami, 1987) and later reinforced by Carrera
(2000). While the HR formulation introduced here features seven
functional unknowns, the RMVT formulation only features six
variables. Thus, the overall computational efﬁciency of the RMVT
formulation with respect to the HR theory depends on the
computational effort involved in the extra post-processing step.
It is also observed that for all EWL laminates the RMVT-RZT for-
mulation considerably improves the accuracy of smaxxz compared to
RMVT-MZZF. As mentioned above, this occurs because the effects
of EWLs are not taken into consideration within the MZZF.
Furthermore, Figs. 11(a), 12(a) and 17(a) show signiﬁcantdiscrepancies between the RMVT-MZZF through-thickness proﬁles
of rx compared to Pagano’s solution. Combined with the greater
accuracy of HR-RZT compared to HR-MZZF, this corroborates the
ﬁndings of Gherlone (2013) that the MZZF may lead to inferior
results compared to the RZT ZZ functions for general laminates.
In fact Toledano & Murakami point out that the ‘‘inclusion of the
zig-zag shaped C0 function was motivated by the displacement
microstructure of periodic laminated composites’’ and that ‘‘for
general laminate conﬁgurations, this periodicity is destroyed’’ such
that the ‘‘theory should be expected to break down in these par-
ticular cases’’ (Toledano and Murakami, 1987). The present authors
want to emphasise that the MZZF results in nominal errors for
most practical laminates when employed in a third-order theory
coupled with the Hellinger–Reissner mixed variational statement.
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Fig. 10. Laminate E: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 11. Laminate F: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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heterogeneous laminates the constitutive independence of the
MZZF may lead to larger errors.
In conclusion, the HR-RZT formulation is the most accurate of
the formulations investigated here for predicting bending deﬂec-
tions, axial bending stresses and transverse bending stresses from
a priorimodel assumptions as a result of guaranteeing that stresses
equilibrate. The RMVT-RZT theory provides similar accuracy for
axial stresses but requires a posteriori stress recovery step for accu-
rate transverse shear stresses. In terms of computational efﬁciency,
there is a tradeoff between the extra degree of freedom in the HR-
RZT formulation and the post-processing step in the RMVT-RZT
formulation.5.4. Assessment of transverse shear, transverse normal and zig-zag
effects
Previous authors (Murakami, 1986; Tessler et al., 2009; Carrera,
2004) have shown that ignoring the ZZ effect may lead to sig-
niﬁcant underestimations of the peak axial and transverse stresses.
The inaccuracies are especially pronounced for sandwich beams
because of the large degree of transverse orthotropy between the
ﬂexible core and stiff face layers. Even though a relatively large
thickness-length ratio of 1:8 was analysed in this study the ZZ
effect is important for longer beams as well. Furthermore, a major
aim of sandwich construction is to separate the stiff face layers as
far as possible for maximum bending stiffness. This means that
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Fig. 12. Laminate G: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 13. Laminate H: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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most other laminated structures.
However, the ZZ effects for practical composite laminates may
not be as signiﬁcant. Many industrial lamination guidelines pre-
vent the use of thick blocks of same orientation plies to prevent
problems associated with transverse cracking. As such Laminates
A–C are not representative of typical laminates used in practice
and the results for Laminate D in Fig. 9 show that dispersing the
0 and 90 layers through the thickness greatly reduces the ZZ
effect.
The relative effects of transverse shear deformation, transverse
normal deformation and the ZZ effect may be analysed numerically
using the bending displacement magnitude of the Hellinger–
Reissner theory. For simplicity, we only examine symmetriclaminates (N ¼ O ¼ 0), and ignore the effect of the higher-order
moment P. Also the entire surface traction acts on the top surface
such that P^b ¼ 0 and P^t ¼ q0 sinpx=a. To start, the effect of the ZZ
deformation is also ignored such that the relative importance of
transverse shear and transverse normal deformation can be com-
pared. In this case, the governing Eqs. (50) of the HR theory reduce to
M;xx þ P^t ¼ 0 ð59aÞ
sCLAM  g xð ÞM;xx þ qM;xxxx þ k2;xx ¼ 0 ð59bÞ
and boundary condition Eq. (51b)
x
2
M þ qM;xx þ k2 ¼ w ð60Þ
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Fig. 14. Laminate I: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 15. Laminate J: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Using the solution assumption in Eq. (56a) results in
w0 ¼ a
4
p4
sCLA þ p
2
a2
g x
2
 
 
q0 ð61Þ
where sCLA ¼ 1=DCLA, and g; x and q are equal to g22;x22 and q22
respectively, when calculated without the inﬂuence of terms related
to N;O; P and L. Note, that the normal shear correction factor q does
not inﬂuence the bending deﬂection w0 result in Eq. (61). The bend-
ing deﬂection can be non-dimensionalised into three separate enti-
ties by dividing by the factor q0sCLAa4=p4,
w0 ¼ wCLA þ wTS þ wTN where
wCLA ¼ 1; wTS ¼
g
sCLA
p2
a2
; wTN ¼ 
x
2sCLA
p2
a2
ð62Þwhere wTS and wTN refer to transverse shear and transverse normal
deﬂection, respectively. These three factors are plotted against the
thickness to length ratio (t=a) in Fig. 21 for Laminate D. Further-
more, this plot shows a comparison between the total normalised
deﬂection w0 and Pagano’s normalised solution wpag . Laminate D
is chosen here to minimise the ZZ effect on Pagano’s 3D elasticity
solution and allow a fair comparison with w0.
Fig. 21 also shows the parabolic relationship of wTS with
respect to the beam thickness ratio t=a. Furthermore, the trans-
verse shear component plays a more signiﬁcant role than the
transverse normal deﬂection. It can be observed that the trans-
verse normal component is actually negative, i.e. it stiffens the
structure. This arises because wTN only captures the Poisson’s
effect of rz on the bending deformation as indicated by the
presence of the Poisson’s effect correction factor x. If normal
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Fig. 16. Laminate K: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 17. Laminate L: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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factored into the initial assumption of the displacement ﬁeld in
Eq. (19) that underlies the derivation of the theory. Finally, the
comparison between w0 and wpag shows that the HR model main-
tains accurate predictions of the bending deﬂection up to very
deep aspect ratios of t=a ¼ 0:4.
Fig. 21 shows that the effect of wTN is insigniﬁcant compared to
the magnitude of wTS for a ½0=ð90=0Þ25 laminate. Although the
transverse normal correction factor x varies with layup, a numer-
ical study showed that for practical carbon- and glass-reinforced
composite and sandwich panels the magnitude of this factor is
always negligible compared to the transverse shear factor g.
Therefore, the transverse normal component is ignored in the
assessment of the inﬂuence of the ZZ effect on the bending beha-
viour. From the boundary condition Eq. (51b) it is seen thatLagrange multiplier k2 ¼ w when all transverse normal correction
factors vanish. As such, when ZZ effects are included the bending
deﬂection equals
wZZ0 ¼ wZZCLA þwZZTS where
wZZCLA ¼
a4
p4
s22 
s25 a
2
p2 þ g25
 	2
s55 þ g55 p2a2
2
64
3
75q0 ð63aÞ
wZZTS ¼ g22
a2
p2
q0 ð63bÞ
where sij and gij are equal to sij and gij respectively, when calculated
without the inﬂuence of terms related to N;O, and P. The bending
deﬂection is non-dimensionalised using the factor q0sCLAa4=p4, thus
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Fig. 18. Laminate M: through-thickness distribution of the normalised in-plane stress and transverse shear stress.
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Fig. 19. Through-thickness distribution of the normalised transverse normal stress for laminates F and G.
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s22
sCLA

s25 þ g25 p2a2
 	2
sCLA s55 þ g55 p2a2
  ð64aÞ
wZZTS ¼
p2
a2
g22
sCLA
: ð64bÞ
Note that the bending ﬂexibility sCLA of CLA and s22 of RZT are gen-
erally not equal. The terms are related by a constant of proportion-
ality that is independent of the laminate thickness t. The two
components wZZCLA and w
ZZ
TS in Eq. (64) can be compared to the corre-
sponding bending components that ignore the ZZ effect in Eq. (62).
Thus the total deﬂection ratio rw ¼ wZZ0 =w0 and shear deﬂection
ratio rTS ¼ wZZTS=wTS are used as metrics to assess the inﬂuence of
the ZZ effect on the bending displacement.Fig. 22(a) shows that the ratio of transverse shear components
is invariant with t=a but may vary with the stacking sequence. Fur-
thermore, the ZZ effect always reduces the magnitude of transverse
shear deformation. Fig. 22(b) shows that the ZZ effect reduces the
overall bending deﬂection of all analysed laminates and that this
effect is greatest for the two honeycomb core sandwich beams F
and G, i.e. stiffening is most for laminates with the greatest ZZ
effect. Furthermore, the reduction in bending displacement is high-
ly non-linear in t=a and converges to a constant value as the thick-
ness of the beam approaches the length. The authors believe that
this stiffening effect occurs partially due to the lower sensitivity
to transverse shear deformation (Fig. 22(a)) and due to the action
of the higher-order moment L. In general, the sum of the two
non-dimensionalised coefﬁcients wZZCLA and w
ZZ
TS may be used to
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Fig. 20. Through-thickness distribution of the normalised transverse normal stress for laminates I and K.
Fig. 21. Laminate D: change in non-dimensional CLA, transverse shear and
transverse normal bending deﬂection components versus thickness to length ratio
t=a.
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to length ratio case.6. Conclusions
In this paper, the fundamental mechanics driving the zig-zag
(ZZ) effect in multilayered structures was analysed. The ZZ effect
was attributed to differences in transverse shear strains at layer
interfaces that require changes in slope of the deformation ﬁeld
in order to satisfy the kinematic equations. The dual requirement
of transverse shear stress and displacement continuity at layer
interfaces led to the notion of modelling the transverse shear
mechanics of a multi-layered structure using a combination of
‘‘springs-in-series’’ and ‘‘springs-in-parallel’’ systems. By deﬁning
equivalent spring stiffnesses for the transverse shear modulii andaxial modulii, Reddy’s parabolic shear function was modiﬁed using
a layerwise curvature modiﬁcation factor. This modifed Reddy zig-
zag theory (MRZZ), guarantees that the shear stress assumption
satisﬁes the layer interface continuity conditions, traction free sur-
face conditions and that laminates with Externally Weak Layers
(EWL) can be modelled in an appropriate manner. However, the
MRZZ theory is only applicable to laminates with zero B-matrix
terms. Furthermore, the notion that accurate transverse stresses
can be obtained by integrating the axial stress in Cauchy’s equilib-
rium equations led to the development of a second theory using
the Hellinger–Reissner (HR) variational principle. In this theory
the ZZ function of the reﬁned zig-zag theory (RZT) introduced by
Tessler et al. (2007) and Murakami’s ZZ function (MZZF) were used
to develop two alternative theories HR-RZT and HR-MZZF, respec-
tively. The governing equations for the MRZZ and HR formulations
were derived for laminated beams under the plane-strain condi-
tion and the theories were validated with respect to Pagano’s 3D
elasticity solution.
The results for different laminated composite and sandwich
beams with zero B-matrix terms show that the bending deﬂection
and axial stress ﬁeld is captured to within 1.1% percent by the
MRZZ theory. MRZZ is also capable of making accurate predictions
of the transverse shear stress ﬁeld from constitutive equations
when the proﬁle does not cause local peaks at z-wise positions
other than the laminate mid-plane. This latter effect occurs for
extreme cases of transverse orthotropy, i.e. when the transverse
shear rigidity of an inner layer is insufﬁcient to support the peak
transverse shear stress of the adjacent outer layer. In these cases
an additional posteriori stress recovery step should be performed
for accurate transverse stress prediction. Nevertheless, for practi-
cal, symmetrically laminated composite laminates MRZZ provides
accurate transverse shear stress ﬁelds that satisfy interfacial conti-
nuity conditions directly from the constitutive equations at the
same computational cost as the Timoshenko theory.
The HR-RZT is the best performing theory considered, predict-
ing the bending deﬂection and three stress ﬁelds rx; sxz and rz to
within 1% of Pagano’s solution even for highly heterogeneous lami-
nates with arbitrary thickness ratios, ply material orientations and
layer material properties. This result is noteworthy because the
Fig. 22. Ratio of transverse shear components and total deﬂection, as calculated from HR-RZT theory with and without ZZ effects, versus thickness to length ratio (t=a) for
different laminates in Table 2.
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rately without requiring a post-processing stress recovery step. In
the HR principle the equilibrium of in-plane and transverse stress
ﬁelds is enforced in a weak sense such that boundary layers near
clamped and free edges, and accurate transverse stresses can be
derived directly from the plate equations. Furthermore, by using
the same variables for in-plane and transverse stress ﬁelds the
computational effort is kept low.
The results of the HR-MZZF theory showed that even though the
MZZF is not based on the constitutive heterogeneity of a laminate
it captures the three-dimensional stress ﬁeld to similar accuracy of
HR-RZT. For some laminates the errors in HR-MZZF compared to
Pagano’s solution are as great as 10% whereas the HR-RZT formula-
tion remains to within 1% (Laminate G). The performance of the HR
formulations was also compared to corresponding theories devel-
oped using the Reissner Mixed Variational Theory (RMVT). Where-
as the RMVT-RZT and RMVT-MZZF give accurate predictions for the
bending deﬂection and axial stress, the model assumptions for
transverse shear stress may be highly inaccurate when the number
of layers exceeds three. As a result, the RMVT formulations require
extra post-processing steps to guarantee accurate transverse stress
results. However, compared to the HR formulation the RMVT
formulation reduces the variable count by one. Thus, the overall
computational efﬁciency of the RMVT formulation with respect
to the HR theory depends on the effort involved in the extra
post-processing step.
Finally, for practical non-sandwich beams used in industry the
ZZ effect does not seem to be of great importance as many lamina-
tion codes prohibit thick blocks of 0 and 90 plies. In these cases
higher-order effects such as ’’stress-channelling’’ are more impor-
tant. Furthermore, two non-dimensional factors have been identi-
ﬁed that allow the inﬂuence of the ZZ effect on the classical
bending deﬂection and transverse shear behaviour to be quanti-
ﬁed. The results show that including the ZZ effect in the model
reduces the effect of transverse shear deformation and generally
acts to stiffen the structure.Acknowledgements
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Appendix A. Transverse shear stress and displacement
continuity constants
The assumed transverse shear proﬁle for MRZZ is given by,
sðkÞxz ¼ G AðkÞ 
4
t2
mðkÞz2
 
cxz:
The transverse shear stress must vanish at the bottom interface.
Thus,
sð1Þxz ðz0Þ ¼ 0) Að1Þ ¼
4
t2
mð1Þz20
where superscripts pertain to layerwise quantities and subscripts to
interfacial quantities as shown in Fig. 1. Similarly the interface
continuity conditions have to be satisﬁed,
sðkÞxz ðzkÞ ¼ sðkþ1Þxz ðzkÞ; k ¼ 1 . . .N  1
AðkÞ  Aðkþ1Þ ¼ 4
t2
mðkÞ mðkþ1Þ z2k ; k ¼ 1 . . .N  1:
This results in N algebraic equations which can be solved simulta-
neously to ﬁnd the N layerwise constants AðkÞ; k ¼ 1 . . .N.
The layerwise constants cðkÞ are found by enforcing continuity of
displacements at layer interfaces and the condition that
uxðx;0Þ ¼ u0. This condition gives two possible solutions for the
layerwise constant cðkÞ. If the reference surface z ¼ 0 is located
within a layer k0 the constants are given by
cðk0Þ ¼ 0 ðA:2aÞ
cðkÞ ¼
Xk
i¼k0þ1
gði1ÞAði1Þ gðiÞAðiÞ
 	
zi1 4
3t2
gði1Þmði1Þ gðiÞmðiÞ z3i1

 
; k> k0
ðA:2bÞ
cðkÞ ¼
Xk01
i¼k
gðiþ1ÞAðiþ1Þ gðiÞAðiÞ
 	
zi 4
3t2
gðiþ1Þmðiþ1Þ gðiÞmðiÞ z3i

 
; k< k0:
ðA:2cÞ
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two layers, deﬁned as kþ and k, the constants are given by
cðk
þÞ ¼ cðkÞ ¼ 0 ðA:3aÞ
cðkÞ ¼
Xk
i¼kþþ1
gði1ÞAði1Þ gðiÞAðiÞ
 	
zi1 4
3t2
gði1Þmði1Þ gðiÞmðiÞ z3i1

 
; k> kþ
ðA:3bÞ
cðkÞ ¼
Xk1
i¼k
gðiþ1ÞAðiþ1Þ gðiÞAðiÞ
 	
zi 4
3t2
gðiþ1Þmðiþ1Þ gðiÞmðiÞ z3i

 
; k< k:
ðA:3cÞAppendix B. Derivation of HR governing equations
The Hellinger–Reissner function in Eq. (47) can be split into
separate components representing the potential of axial stress
Prx , transverse shear stress Psxz and transverse normal Prz stress,
the potential of boundary tractions PC and the potential of the
Lagrange multiplier constraints Pk. Substituting the pertinent
expressions for stresses and strain into the functional of Eq. (47)
yields,
dP ¼ d Prx þPsxz þPrz þPk þPCð Þ ¼ 0
Prx ¼
1
2
Z
V
rTxxdV ¼
1
2
Z
V
F TsT f ðkÞ
T
/
Q ðkÞf ðkÞ/ sFdV ðB:1aÞ
Psxz ¼
1
2
Z
V
sTxzcxzdV
¼ 1
2
Z
V
cðkÞsF ;x þ T^b
 	T 1
GðkÞxz
cðkÞsF ;x þ T^b
 	
dV ðB:1bÞ
Prz ¼
1
2
Z
V
rTz zdV
¼ 1
2
Z
V
eðkÞsF ;xx  T^b;x z z0ð Þ þ P^b
 	T
 RðkÞ13 Q ðkÞf ðkÞ/ sF þ RðkÞ33 eðkÞsF ;xx  T^b;x z z0ð Þ þ P^b
 	h i
dV
ðB:1cÞ
Pk ¼
Z
k1 N;x þ T^t  T^b
 	
dx
þ
Z
k2 M;xx þ zNT^t;x  z0T^b;x þ P^t  P^b
 	
dx ðB:1dÞ
PC ¼ 
Z
S2
rxu^ðkÞx þ sxzw^
 
dS2 ¼ 
Z
rxf ðkÞ/ U^ þ sxzw^
h ixB
xA
dz ðB:1eÞ
Performing the variations on the functionals in Eqs. (B.1a)–
(B.1e) following the rules of the calculus of variations results in
the following expressions. For the potential of axial stress we
have,
dPrx ¼ d
1
2
Z
F TsT
Z
f ðkÞ
T
/
Q ðkÞf ðkÞ/ dz
 
sFdx
 
¼ d 1
2
Z
F TsTSTsFdx
 
¼ d 1
2
Z
F TsFdx
 
¼
Z
F TsdFdx ðB:2Þ
For the potential of transverse shear stress,dPsxz ¼ d
1
2
Z
F T;xs
T
Z
cðkÞ
T 1
GðkÞxz
cðkÞdz
 !
sF ;x
"(
þ2T^b
Z
1
GðkÞxz
cðkÞdz
 !
sF ;xþ
Z
T^2b
GðkÞxz
dz
#
dx
)
¼
Z
F T;xgþ T^bv
 	
dF ;xdx ðB:3Þ
where g is a 5 	 5 matrix of shear coefﬁcients that automatically
includes pertinent shear correction factors, and v is a 1 	 5 row vec-
tor of correction factors that enforce transverse shearing effects of
the surface shear tractions. Matrix g and row vector v are deﬁned by
g ¼ sT
Z
cðkÞ
T 1
GðkÞxz
cðkÞdz
 !
s ðB:4aÞ
v ¼
Z
1
GðkÞxz
cðkÞdz
 !
s ðB:4bÞ
Performing integration by parts on Eq. (B.3) results in,
dPsxz ¼ F T;xgþ T^bv
h ixB
xA

Z
F T;xxgþ T^b;xv
 	
dFdx ðB:5Þ
For the potential of transverse normal stress we expand the
parantheses in Eq. (B.1c), deﬁne the following transverse normal
correction factors
x ¼ sT
Z
eðkÞ
T
RðkÞ13
Q ðkÞf ðkÞ/ dz
 
s ðB:6aÞ
xt ¼
Z
RðkÞ13 ðz z0ÞQ ðkÞf ðkÞ/ dz
 
s ðB:6bÞ
xp ¼
Z
RðkÞ13
Q ðkÞf ðkÞ/ dz
 
s ðB:6cÞ
q ¼ sT
Z
eðkÞ
T
RðkÞ33e
ðkÞdz
 
s ðB:6dÞ
qt ¼
Z
RðkÞ33 ðz z0ÞeðkÞdz
 
s ðB:6eÞ
qp ¼
Z
RðkÞ33e
ðkÞdz
 
s ðB:6fÞ
where x and q are 5 	 5 matrixes and xt; xp; qt and qp are 1 	 5
row vectors, and integrate by parts to give
dPrz ¼
Z
F T;xxxxqþF T;xxx T^b;xxxqtþ P^b;xxqp T^b;x
xt
2
þ P^bxp2
h i
dFdx
þ F T;xxqþ
x
2
F T  T^b;xqtþ P^bqp
h i
dF ;x
xB
xA
 F T;xxxqþ
x
2
F T;x T^b;xxqtþ P^b;xqp
h i
dF
xB
xA
ðB:7Þ
Finally, the potential of the Lagrange multipliers and the
potential of contour loads are given by,
dPk ¼
Z
N;x þ T^t  T^b
 	
dk1dx
Z
k1;xdNdxþ k1dNjxBxA
þ
Z
M;xx þ zNT^t;x  z0T^b;x þ P^t  P^b
 	
dk2dx
þ
Z
k2;xxdM þ k2dM;x
xB
xA
 k2;xdM
xB
xA
ðB:8Þ
dPC ¼  dF  U^ þ dQw^
 xB
xA
¼  dF  U^ þ dM;xw^
 xB
xA
ðB:9Þ
The integral expressions in Eqs. (B.2), (B.5), (B.7), (B.8) and (B.9)
combine to form the governing ﬁeld Eqs. (50), while the terms
evaluated at x ¼ xA and x ¼ xB combine to form the governing
boundary Eq. (51). These equations feature three column vectors
Keq;Kbc1;Kbc2 that include the Lagrange multipliers k1; k2 and their
derivatives. These are given by,
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k1;x
k2;xx
0
0
0
0
BBBBBB@
1
CCCCCCA
; Kbc1 ¼
k1
k2;x
0
0
0
0
BBBBBB@
1
CCCCCCA
; Kbc2 ¼
0
k2
0
0
0
0
BBBBBB@
1
CCCCCCA
ðB:10Þ
Finally, the boundary displacement w^ in Eq. (B.9) is contained in
the vector W ¼ 0 w^ 0 0 0½ T .References
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